Semiconductor nanocrystals (NCs) experience stress and charge transfer by embedding materials or ligands and impurity atoms. In return, the environment of NCs experiences a NC stress response which may lead to matrix deformation and propagated strain. Up to now, there is no universal gauge to evaluate the stress impact on NCs and their response as a function of NC size dNC. I deduce geometrical number series as analytical tools to obtain the number of NC atoms NNC(dNC [i]), bonds between NC atoms N bnd (dNC[i]) and interface bonds N IF(dNC[i]) for seven high symmetry zincblende (zb) NCs with low-index faceting: {001} cubes, {111} octahedra, {110} dodecahedra, {001}-{111} pyramids, {111} tetrahedra, {111}-{001} quatrodecahedra and {001}-{111} quadrodecahedra. The fundamental insights into NC structures revealed here allow for major advancements in data interpretation and understanding of zb-and diamond-lattice based nanomaterials. The analytical number series can serve as a standard procedure for stress evaluation in solid state spectroscopy due to their deterministic nature, easy use and general applicability over a wide range of spectroscopy methods as well as NC sizes, forms and materials.
I. INTRODUCTION
It is well known that the electronic structure and optical response of NCs is a function of mechanical stress in the form of lattice strain. Mechanical stress is routinely measured by Raman-and Fourier-Transformation InfraRed (FT-IR) spectroscopy which probe the phononic spectra of NCs [1] [2] [3] [4] [5] . Such spectra are very sensitive to changes of stress induced by lattice pressure which is a function of the material via Young's modulus [6] . Changes in compressive or expansive stress were shown to modify the optical response of NCs by fluorescence [7] or photoluminescence (PL) [8, 9] . Stranski-Krastanov growth [10, 11] of NCs in epitaxial films depends critically on balanced stress to avoid stacking faults which deteriotate electronic NC properties [12] [13] [14] [15] . Attempts to place phosphorus atoms as donors onto lattice sites in free-standing Si NCs were shown to fail increasingly with shrinking NC diameter [16, 17] , revealing a transition region from low to virtually zero doping of 20 to 10 nm. These findings were confirmed recently in theory and experiment for SiO 2 -embedded Si NCs [18, 19] . Several research groups have shown that self-purification, a Si NC-internal build-up of stress counteracting external stress due to dopant incorporation, causes impurity doping to fail [20] [21] [22] [23] .
With a universal gauge for stress such phenomena could be scaled as a function of NC size While we illustrate our findings on Si NCs (diamond lattice), analytical number series introduced below are also valid for zb-NCs due to straightforward symmetry arguments. Thus, analytical descriptions below cover III-V and II-VI compounds with zb symmetry in addition to Si, SiC, SiGe and Ge. Figure 1 shows the regular NC shapes investigated: cubic ({001} faceting), octahedral ({111} faceting) and dodecahedral ({110} faceting); pyramidal ({001} base, {111} side factes) and tetragonal ({111} faceting); 111-quatrodecahedral (dominant {111} faceting plus {001} faceting) and 001-quatrodecahedral (dominant {001} faceting plus {111} faceting).
Due to the complexity of symmetry arguments, zb-NCs with higher index faceting are beyond the scope of this work. For Si, the {111} ({001}) facets have the lowest (second-lowest) experimental values of surface free energy, cf. table I. The occurence of {110} facets on zb-NCs is therefore less likely as compared to those with {001} and in particular {111} orientation. Facetes with {111} orientation have the lowest surface bond density for all facets up to {433} orientation [25] . These findings also hold for other diamond-and zb-NCs due to symmetry arguments.
The number series follow a run index i which relates indirectly to d NC [i] 
II. ANALYTICAL NUMBERS SERIES OF NANOCRYSTAL TYPES
The derivation of number series can be lengthy and complex. Therefore, only key equations presenting final results are shown in bold print for all zb-NC types. The general algorithm is briefly explained for {110}-faceted dodecahedral NCs as an example. For brevity, we only list final results for all other NC types.
A. {001} Cubic Zinc-Blende Nanocrystals Nearly cubic zb-NCs are mainly encountered in nanoand micro-crystalline thin films as found in Si solar cells or ultra-large scale integration (ULSI) devices. The number of atoms forming the NC is given by the product of the atoms of the face-centered-cubic (fcc) unit cell with the cubic increase per index i:
The number of bonds between NC atoms is given by
The surface bonds of the NC are described by
These number series can be verified in figure 2 where atoms are color-coded in accord with their bond configuration.
B. {111} Octahedral Zinc-Blende Nanocrystals
Exclusively {111}-faceted Si NCs correspond to the minimum Si surface energy in experiment [26] and were proven to exist up to a size of ca. 30Å [27] .
For the number of atoms forming the NC we obtain
The number series yielding the number of NC interface bonds is
The start cases of the number series (i = 0) describe a single Si atoms with four interface bonds, presenting a silane molecule SiX 4 , X = H, F, OH, NH 2 , CH 3 , etc. Octahedral {111}-faceted NCs described by these number series are shown in figure 3 where atoms are color-coded in accord with their bond configuration.
C. Dodecahedral {110}-Faceted Zinc-Blende Nanocrystals
The interface termination and symmetry constraints of {110}-faceted dodecahedral NCs are significantly more complex as compared to {001}-faceted cubic NCs or {111}-faceted octahedral NCs. Figure 5 We obtain the values for the two top sections along the same lines, yielding
We add both series per i to yield the total number of NC atoms:
The same approach applies to the number of bonds connecting NC atoms. For the trunk section we get 
whereby the last line used the terms k 2 and k to replace the respective partial sum formula [28] Red atoms have one interface bond, blue atoms have two interface bonds and green atoms have three interface bonds. Graphs (a) to (e) show NCs for i = 1 odd , 1even, 2 odd , 2even, and 3 odd , respectively. These NCs have to be split into two groups: NCs without atoms having three interface bonds (green) called odd due to first (a), third (c), fifth (e), etc. NC belonging into this group, and an even group (b, d) with four atoms having three interface bonds, cf. fashion, the explicit form of equation 9 is
+ 6(i + 1)
Adding the series of equations 14 and 15 yields the odd number series of atoms forming a dodecahedral {110}-terminated zb-NC:
The number of bonds between atoms N dod bnd,odd [i] is derived in the same fashion, yielding
for the trunk and
+ 4(3i + 1)
for the top sections. Adding both series, we get the explicit form
The number series for the bonds of the NCs connecting them to their environment can be solved in its explicit form:
The even class of dodecahedral NCs follow derivations alike to the odd NC class, though coefficients for the number series and start elements are different. We only list the final explicit results:
Again, the number series of NC interface bonds is explicit: These originate from different interface bond configurations for odd and even NC series, see figure 5 . The origin of this irregular behavior is found in the less perfect termination of {110} facets due to the more complex geometry of {110} surfaces in compound with their inter-facet angles being obtuse at all edges. These imperfections are less dominant for small dodecahedra due to the small area of rhomboid {110}-facets since there are less chains of {110}-oriented surface atoms. These chains have an atom with two interface bonds at each end which contributes to N 
D. Tetrahedral Zinc-Blende Nanocrystals
With exclusive {111} faceting of zb-NCs, the resulting tetrahedral NCs can also be seen as regular pyramids with three sides. For the number of NC atoms forming the tetrahedral {111} zb-NC we get
The bonds between such NC atoms are described by
The number of interface bonds connecting these NCs to their embedding matrix or attached ligands is given by
Equation 26 deviates from equations 7 and 29 because base and side areas of a tetragonal zb-NC with {111} faceting are identical.
E. {111}-{001} Pyramidal Zinc-Blende Nanocrystals
Pyramidal NCs consist of four triangular {111} side facets and a square {001}-oriented base. Such NCs are relevant in particular for epitaxial growth of III-V quantum dots (QDs) [29, 30] . The number of atoms forming the NC are
The number of NC interface bonds is given by
The identity of equations 7 and 29 shows the resemblance of symmetry arguments of both series which is underlined by the start term (i = 0) describing SiX 4 in both cases. The {111}-dominated quatrodecahedra are NCs which are limited by eight regular {111}-faceted hexagons and six {001}-faceted squares, see figure 8a to d. Quantities for these NCs can be derived from truncating {111}-faceted octahedra (Section II B) at their six corners, making use of the number series we obtained for the pyramids (Section II E), cf. figure 8e. We start again with the series yielding the number of NC atoms:
The bonds between such NC atoms are described by N q.111
The number of interface bonds which connect these NCs to an embedding matrix or attached ligands is given by
For facilitating interpretations of electron paramagnetic resonance (EPR) data of SiO 2 -embedded Si NCs [31] as discussed in section IV, we decompose N q.111
bnd [i] into a fraction of bonds originating from the six {001} facets where each atom has two interface bonds (blue atoms in figure 8a to d)
and another fraction originating from {111} facets where each atom has one interface bond (red atoms in figure 8a to d)
G. Quatrodecahedral Zinc-Blende Nanocrystals with Dominant {001}-Faceting (Truncated Cubes)
Here, the situation is more complex. The truncated corners of the cubic NC have a low symmetry as evident from different triangular facets having {001} orientations for side areas with angles of 45, 45 and 90
• and a {111}-oriented base with three 60
• angles. These truncated corners cannot be decribed by pyramids (Section II E) or tetrahedra (Section II D). As illustrated in section II C for dodecahedral {110}-terminated zb-NCs, these NCs can be described with third order differential schemes which can be transformed into 2 nd order recursive number series and eventually into an explicit form of N 
and N q.001
The number of interface bonds for these NCs is given by
As for dominantly {001}-faceted quatrodecahedra, we decompose N q.001 IF
[i] into {001} and {111} partitions to facilitate data interpretation for EPR measurements of SiO 2 -embedded Si NCs [31] , see section IV. The {001} fraction of bonds originates from the six {001} facets where blue atoms have two interface bonds, cf. figure  9 , and 12 green atoms with three interface bonds, the 
The fraction which originates from {111} facets where each atom has one interface bond (red atoms in figure 9 ) is described by
III. RESULTS
The ratio Exclusively {111}-faceted octahedra have the highest value per NC size d NC by combining a low volumeto-surface ratio with a minimum surface bond density, . Both NCs types are closely followed by dodecahedral NCs with exclusive {110}-faceting. Although dodecahedra have a higher volumeto-surface ratio as compared to octahedra, their more complex {110} faceting results in a less perfect surface termination. Thereby, the number of bonds within the NC is decreased, the missing bonds are added to the number of interface bonds N IF [i]. Dodecahedra are followed by {111}-tetrahedra which have less favourable (smaller) volume-to-surface ratios. However, the minimum bond density of {111} surfaces (see table  I ) yields high
values. These NCs are followed by pyramids with {001} base and {111} side facets. We obtain the lowest values for
This is straightforward to show by their unfavourable volume-to-surface ratio combined with the maximum bond density of {001}-facets, cf. to which the embedding dielectric dominates electronic and optical NC properties. This finding is crucial for {001}-terminated Si cubicles as encountered in fin-FETs to exploit nanoscopic phenomena such as ultrathin SiO 2 and Si 3 N 4 coatings which can replace conventional doping while maintaining CMOS-compatibility for ULSI devices [24] . The quantity 
IV. APPLICATIONS
The ratio N bnd /N NC yields information about the NC response to external stress like NC lattice deformation. As example, N bnd /N NC is a gauge for the NC stress response to attempts of dopant formation on Si NC lattice sites, triggering self-purification [17, 22] . Numerical values of d NC and N bnd /N NC in figure 10 refer to figure 7 in [17] where donor formation was shown to decrease from 6×10 −3 for 20 nm Si NCs via 1.3×10 −4 for 10 nm Si NCs to 3 × 10 −5 for 4.5 nm Si NCs. We can thus derive that self-purification for free-standing Si NCs prevents dopant formation in the NC lattice for N bnd /N NC ≤ 1.92 ± 0.02. We can narrow down this range further if the preferential shape of the NCs was known. Figure 7 in [17] also shows increased standard deviations of doping efficiencies with shrinking NC size which may originate from an increasing relative size deviation with shrinking NC size. However, we note that N bnd /N NC values cover a wider range with shrinking d NC which may add to the uncertainty in EPR measurements and NC counter-stress related phenomena in general if the NC shape is not known or NC ensembles have no strong preference in shape and faceting. In a similar fashion, N bnd /N NC can be useful for investigating dopant clustering in ULSI devices [32, 33] as function of Si nanovolume shape, size and interface orientation.
The ratio N IF (d NC )/N NC (d NC ) presents a gauge for the impact of interface charge transfer [24, 34] and interface dipoles [35] [36] [37] figure 11 for {001}-faceted cubic and {111}-faceted octahedral Si NCs, presenting maxium and minimum values, respectively. Figure 11 shows that cubic high symmetry zbNCs are dominated by the dielectric for d NC ≤ 12 nm (dashed blue line). For lower symmetry NCs like Si cubicles of fin-FETs, the size limit of d NC where the impact of the embedding dielectric dominates the electronic structure of the NC increases further due to an increased ratio N IF /N NC [24] .
Partitions of
as function of surface orientation can be a cornerstone to quantify EPR-active Si dangling bonds (DBs) at Si NC/SiO 2 interfaces [31] . Specific interface defect densities of Si DBs, P b(0) and P b1 , were assigned to {001} and {111} planes [39, 40] . Si NC shapes were estimated by P b(0) /P b1 EPR signal ratios, leading to the postulation of Si NCs [41] [i] ) yield ratios of {001}-to {111}-oriented interface bonds for which the density of P b(0) and P b1 defects are well known from {001}-and {111}-oriented Si/thermal SiO 2 interfaces [39, 40] . balanced growth of InAs QDs in GaNAs [13] [14] [15] . High resolution transmission Electron Microscopy (HR-TEM) was used to determine the size of Si NCs grown by segregation from Si-rich dielectrics. Smallest Si NC extensions were found to be 15Å, and {111}-faceted octahedra dominated the shape of Si NCs up to ca. 30Å [27] . Disintegration of porous Si by etching and subsequent selflimiting oxidation of Si NCs obtained this way resulted in minimum NC sizes of 12 to 17Å [42] , the smallest range reported to date for Si NCs obtained by solid-state synthesis. Minimum values of d NC = 15Å were obtained from gas phase synthesis [17] . The minimum diameter of embedded Si NCs should depend on the external stress exerted onto the Si atomic cluster which appears to yield an amorphous structure below d NC = 15 ± 2Å. The predominant existence of embedded Si NCs as {111}-faceted octahedra can be explained by their minimum ratio of N IF /N bnd which reduces stress exertion. Moreover, Si NC shapes get increasingly polymorphous for sizes be- For the latter, surface tension appears to be the limiting factor of minimum NC size [43] . Such empirical values of N IF /N bnd are a function of the zb solid and its embedding environment and can be derived for any zb NCs with appropriate experimental input. Using material data such as Young's modulus and diffusion coefficients during the NC formation process, we can extrapolate the findings for Si to arrive at estimates for other group IV NCs such as Ge, SiGe and SiC. As an example, the limit of N IF /N bnd for Si NCs formed by segregation from Si-rich Si 3 N 4 should be considerably smaller due to the higher Young's modulus and higher packing fraction (hampering diffusion) of Si 3 N 4 as compared to SiO 2 . As a result, the minimum size of Si NCs formed in Si-rich Si 3 N 4 should be notably bigger as compared to Si NCs formed in Si-rich SiO 2 .
Stress can be further deconvoluted into NC counterstress and stress originating from the embedding matrix, with N bnd /N NC allowing to quantitatively interpret and deconvolute Raman-and Infrared (IR) spectra. A deconvolution of phonon modes is useful to distinguish between internal (NC) and exteral (embedding matrix) stress as function of NC size, shape and interface orientation [44] . In analogy to Raman-and IR spectroscopy, stress-dependent photoluminescence (PL) spectra of Si NCs [45] can be interpreted and deconvoluted. Here, PL or electroluminescence (EL) on single Si NCs are particular useful [46, 47] as individual NCs minimize statistical uncertainties due to shape, size and interface termination. Using N bnd /N NC and N IF /N bnd for interpreting NC PL spectra as function of applied stress [48] is another method to gain insight into NC properties.
Ensembles of zb-NCs will not necessarily have exactly one of the high-symmetry shapes treated in this work, but a rather spherical shape with a mix of different low-index lattice facets defining the NC surface. In particular for NCs grown by segregation processes [49] it is not possible to describe the exact NC shape on a per-NC base due to significant statistical deviations in size and shape [9] . However, with the symmetry argu- As regular shapes with distinct faceting I investigated {001} cubes, {111} octahedra, {110} dodecahedra, {001} (base)/{111} (sides) pyramids, {111} tetrahedra, {111} (dominant)/{001} quatrodecahedra, and {001} (dominant)/{111} quatrodecahedra, see figure 1 . The ratio N bnd /N NC is useful to gauge internal stress of zb-NCs which is key to evaluate NC self-purification and dopant segregation as encountered in impurity doping, and the general stress response of NCs to an external force. Both, N IF /N bnd and N bnd /N NC , can be applied to optical spectroscopy methods such as FT-IR, Raman, PL or EL to interprete and deconvolute spectra into NCimmanent (internal) and matrix (external) components. The insights into zb-NC structures revealed here allow for major advancements in experimental data interpretation and understanding of III-V, II-VI and diamondlattice based NCs. For the first time, a general analytical tool exists to quickly assess stress-and interfacerelated effects in zb-NCs which allows for a deconvolution of experimental data into environment-exerted, interfacerelated and NC-internal phenomena. 
